Abstract. Using the theory of n-widths, the approximability of solutions of singularly perturbed reaction-di usion and convection-di usion problems in one dimension is quanti ed.
Introduction.
Singularly perturbed di erential equations arise in the modelling of various physical processes. Perhaps the best-known example is the Navier-Stokes equation of computational uid dynamics, which is singularly perturbed at high Reynolds number. Equations of this type typically exhibit solutions with layers; that is, the domain of the di erential equation contains narrow regions where the solution derivatives are extremely large. The presence of these layers causes severe computational di culties for standard numerical methods.
While much e ort has gone into the construction of accurate numerical methods for singularly perturbed problems, little attention has been paid to the optimality or otherwise of the convergence theory. (An exception is 1], where the static equilibrium of a thin arch is considered.) Many authors have carried out analyses in a standard framework, borrowed from the symmetric elliptic situation, that fails to take account of the special nature of these problems and is unsuitable for them. In particular we mention convergence bounds that depend on Sobolev norms of the unknown solution; such norms are very large in the present context and cannot be viewed as harmless constants.
Our purpose here is to examine some simple test problems, in order to determine precisely how the singularly perturbed nature of the problem a ects the rates of convergence that can be attained by numerical methods. We shall show that a deterioration of attainable convergence rates does indeed occur, and we shall quantify its amount.
The tool used in our investigation is the theory of n-widths. This concept from approximation theory often yields valuable information on the approximability of solutions of di erential equations. For example, n-widths tell us that for Poisson's equation u 00 = f on (0,1), if f lies only in L 2 0; 1] and not in any higher-order Sobolev space, then in general any numerical method for computing u can be at best second-order convergent in the L 2 norm.
While the use of n-widths in setting limits to attainable accuracy of numerical methods is well established for elliptic di erential equations with moderate coe cients, its invocation in the context of singularly perturbed problems is a non-trivial a air. In this paper, we carefully analyse what n-widths can tell us about the approximability of solutions of some singularly perturbed di erential equations. The results lead to conjectures regarding the nite element error analysis of these problems.
We begin with the basic de nition. Given a set S L 2 ( ), where is some domain, then the n-width of S in the L 2 norm is de ned to be d n (S; L 2 ) = inf Xn where the right-hand side may be a full Fourier series or a half-range sine or cosine series.
The singularly perturbed di erential equations that we study in this paper are second-order two-point boundary value problems, with constant coe cients, that have a small parameter multiplying their second-order derivatives. When the equation has no rst-order derivative term, we say it is of reaction-di usion type; when a rst-order term is present, we say the problem is of convection-di usion type. This terminology is drawn from the physical models where such equations are derived. An interesting question is whether our results extend to di erential equations with variable coe cients and to partial di erential equations.
Throughout the paper we use " as our singular perturbation parameter; we always take 0 < " << 1. Furthermore, we use C (sometimes subscripted) to denote a generic positive constant that is independent of " and of the dimension of any approximating subspace. Note that C may take di erent values in di erent places.
2. Reaction-di usion problems in one dimension.
Let k be a non-negative integer. We write H k = H k 0; 1] for the usual Sobolev space of functions whose derivatives up to the kth order are square-integrable over We begin by considering a reaction-di usion problem with Dirichlet boundary conditions. Let f 2 H k , where k is a non-negative integer. Let u = Af be the solution of the two-point boundary value problem for n = 1; 2; and i = 0; 1; ; k.
We shall rst compute the n-width of those solutions u of (2.1) for which f 2 B k 0 .
Lemma 2.1. Let k be a positive integer. For n = 0; 1; , we have
Proof. Let f 2 B k 0 . Consider rst the case where k is even. We must relate the coe cients c n;i of (2.4) to the coe cients c n;0 . For any function g 2 H 2 , some integrations by parts yield
De ne bounded linear functionals n;i ( ) on H k , for n = 0; 1; and i = 0; 1; ; k?1, by n;i (w) = (?1) n w (i) (1) ? w (i) (0), for each w 2 H k . Then c n;i = ?2 n n;i?2 (f) ? 2 n 2 c n;i?2 ; for n = 1; 2; and i = 0; 1; ; k:
We therefore obtain c n;k = (?1) k=2 k n k c n;0 + 2 k=2 X m=1 (?1) m 2m?1 n 2m?1 n;k?2m (f):
Notice that in fact n;k?2m (f) = 0 for each m, since f 2 H k 0 . Hence c n;k = (?1) k=2 k n k c n;0 . Now Parseval's equation gives us (2:5)
(c 2 n;0 + c 2 n;k ) = 1 (1 + 2k n 2k )c 2 n;0 : But (2.1) implies that c n;0 = 2 Z 1 0 (?"u 00 (x) + u(x)) sin nx dx = (1 + " 2 n 2 )a n ; after two integrations by parts and using the boundary conditions u(0) = u(1) = 0. Thus (2.5) becomes (1 + 2k n 2k )(1 + " 2 n 2 ) 2 a 2 n : Given w 2 L 2 (0; 1), letŵ = fŵ n g 1 1 (1 + ( n) 2k )c 2 n;0 ;
which clearly leads to the same conclusion as when k is even. We now extend the result of Lemma 2.1 from B k 0 to B k . Theorem 2.3. Let k be a non-negative integer. There are positive constants C 1 (k) and C 2 (k) such that
C 2 (k) n k (1 + "n 2 ) ; for n = 0; 1;
Proof. If k = 0, the result is given in Remark 2.2. Let k > 0. Since A(B k ) is bounded in L 2 , d n (A(B k ); L 2 ) is nite for all n. It therefore su ces to take n 2k. Here, the in mum is taken over all subspaces X n?2k of dimension n ? 2k.
We shall now further restrict the set of v in the inner in mum in a certain way. We now discuss the relationship of Theorem 2.3 to the nite element method.
In the case " 1, the n-width d n (A(B k ); L 2 ) is of order n ?(k+2) as n ! 1. The usual nite element error analysis shows that this approximation order is attained by the nite element approximation using a uniform mesh, and numerical experiments con rm this result. In comparison with this classical result, the singularly perturbed nature of reaction-di usion problems will in practice cost a factor n 2 in convergence rates for data of given smoothness; this happens because typically n 2 << " ?1 , so the term "n 2 in Theorem 2.3 will not contribute signi cantly to the rate of convergence.
For example, in order to obtain second-order convergence in practice for small ", where n is the dimension of the trial space and u n is the computed solution. We see from Theorem 2.3 that in the case k = 2, this method is almost optimal (up to the ln 2 n factor) with respect to the given data. From a practical point of view the logarithmic factor in (2.9) is not important in assessing the accuracy of the Shishkin mesh method. From a theoretical point of view, it would be of interest to remove the logarithmic factor, and to extend the result to f 2 H k for k > 2, as this would provide a nite element proof of the upper bound in Theorem 2.3.
3. Convection-di usion problems in one dimension.
We now consider problems where a rst-order derivative appears in the di erential equation. The analysis still proceeds by means of Fourier series, but the presence of the odd-order derivative forces the use of full Fourier expansions. (a n;i cos 2 nx + b n;i sin 2 nx); where a n;i = 2 It is easily seen that these linear functionals are bounded on H k . Let H k denote the closed subspace of H k that is the intersection of their null spaces. Thus, H k H k 0 ,
and H k has co-dimension 1 as a subspace of H k 0 . Set B k = B k \ H k . We begin by computing the n-width of solutions u of (3.1) for which f 2 B k .
Lemma 3.1. Let k be a non-negative integer. There are positive constants C 1 (k) and C 2 (k) such that (1 + (2 n) 2k )(c 2 n;0 + d 2 n;0 ):
The di erential equation (3.1) implies that c n;0 = ?"a n;2 + a n;1 and d n;0 = ?"b n;2 + b n;1 ; for n = 1; 2; : Furthermore, from (3.2), a n;1 = 2u(1) ? 2u(0) + 2 nb n;0 = 2 nb n;0 and b n;1 = ?2 na n;0 ;
where we have used the boundary conditions u(0) = u(1) = 0. Also, one has a n;2 = 2u 0 (1) ? 2u 0 (0) + 2 nb n;1 = 2 nb n;1 and b n;2 = ?2 na n;1 ; where now we have used the fact that ?" u 0 (1) ? u 0 (0)] = (f) = 0. Combining these formulas, we have c n;0 = "(2 n) 2 a n;0 + (2 n)b n;0 and d n;0 = "(2 n) 2 b n;0 ? (2 n)a n;0 ; n = 1; 2; :
Substituting these values into (3.4), we obtain We combine (3.6) and (3.7) to get the result for even k.
Suppose now that k is odd. Then for f 2 H k and all n, c n;k = (?1) (k?1)=2 (2 n) k?1 c n;1 = (?1) (k?1)=2 (2 n) k d n;0 ; d n;k = (?1) (k?1)=2 (2 n) k?1 d n;1 = (?1) (k+1)=2 (2 n) k c n;0 :
(c 2 n;k + d 2 n;k ) = 1 X n=1 (2 n) 2k (c 2 n;0 + d 2 n;0 ); as in the case where k is even. We now extend this result to the unit ball of H k . Theorem 3.2. Let k be a non-negative integer. There are positive constants C 1 (k) and C 2 (k) such that
C 2 (k) n k+1 (1 + "n) ; for n = 0; 1; ; :
Proof. Suppose k > 0; the case k = 0 is similar. It su ces to take n 2k + 1. Despite the extensive literature dealing with (3.1), we know of no nite element method error bound for this problem that attains (or comes close to) the upper bound of Theorem 3.2.
In the case " 1, the n-width d n (A(B k ); L 2 ) is of order n ?(k+2) as n ! 1. In comparison with this classical result, the singularly perturbed nature of convectiondi usion problems will in practice cost a factor n in convergence rates for data of given smoothness; this happens because typically n << " ?1 , so the term "n in Theorem 3.2 does not contribute signi cantly to the rate of convergence.
We see that for convection-di usion problems, the approximability of the solution does not deteriorate as badly as in the reaction-di usion case; compared with the case " 1, one power of n is lost here, while in x2, the loss was O(n 2 ). Thus, to obtain a given order of convergence, in practice more smoothness of the data will be needed in the reaction-di usion case. (This should not be interpreted as saying that convectiondi usion problems are easier to solve numerically than reaction-di usion ones, since other considerations such as stability of numerical methods matter also.)
